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M

Let AB be a chord in circle Q2 and M be the midpoint of arc AB. Circle w lies on the opposite
side of AB as M and is tangent to segment AB and 2 at points P and @ respectively. Then
P,Q, and M are collinear.

Lemma 2

Let 21,9 be two circles intersecting at points A and B. Two circles wy, ws lie on the same
of AB and are each tangent to €7 and {29 at points Py, Q1 and P, (o, respectively. Then
P, Q1, P>, and Q4 are concyclic.

Theorem 1: Sawayama-Thébault

Let ABC be a triangle with incenter I. Let D be a point on BC. Let I be the center of the
circle that touches segments AD, DB, and the circumcircle of ABC, and let Is be the center
of the circle that touches segments AD, DC, and the circumcircle of ABC'. Then I, I>, and
I are collinear.
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Theorem 2: Pitot’s Theorem

Let ABCD be a convex quadrilateral. Then ABCD has an incircle if and only if

AB+CD = AD + BC.

Let ABCD be a bicentric quadrilateral with incenter I and circumcenter O. Let W XY Z
be the intouch quadrilateral. Then the diagonals of ABC'D and the diagonals of W XY Z
concur at a point P. Furthermore, P is on line OI.

Theorem 3: Monge’s Theorem

Let w1, w2, ws be circles in the plane. Denote the external center of similitude between w;, wy,
as Aji, and the internal center of similitude as Bjj. Then for 7, j, k a permutation of {1, 2, 3},
we have A;j, Aji, Ag; collinear and A;;, Bji, By, collinear.
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A Problems

A1l. Prove the lemmas and Monge’s Theorem.

A2. Let ABCD be a bicentric quadrilateral with intouch quadrilateral W XY Z. Prove that the
diagonals of W XY Z are perpendicular to one another.

A3. (ELMO 2011). Let ABCD be a convex quadrilateral. Let E, F,G, H be points on segments
AB, BC, CD, DA, respectively, and let P be the intersection of EG and F'H. Given that quadri-
laterals HAEP, EBF P, FCGP, GDHP all have inscribed circles, prove that ABCD also has an
inscribed circle.

A4. (Japan MO 2009). Let I" be a circumcircle. A circle with center O touches to line segment
BC' at P and touches the arc BC of I" which doesn’t have A at Q. If ZBAO = ZC AO, then prove
that ZPAO = ZQAO.

A5. (ARMO 2018). Circle w is tangent to sides AB, AC of triangle ABC. A circle 2 touches the
side AC and line AB (produced beyond B), and touches w at a point L on side BC'. Line AL meets
w, 2 again at K, M, respectively. It turned out that KB || CM. Prove that ALCM is isosceles.

A6. (ISL 2005). Given a triangle ABC satisfying AC' + BC' = 3 - AB. The incircle of triangle
ABC has center I and touches the sides BC and C'A at the points D and FE, respectively. Let K
and L be the reflections of the points D and E with respect to I. Prove that the points A, B, K,
L lie on one circle.

AT7. (CMO 2012). Let ABCD be a convex quadrilateral and let P be the point of intersection
of AC and BD. Suppose that AC + AD = BC + BD. Prove that the internal angle bisectors of
/JACB, /ZADB and ZAPB meet at a common point.

B Problems

B1. (Germany MO 2009). Let ABCD be a convex quadrilateral and let N be the intersection of
diagonals AC and BD. Denote by a, b, ¢, d the length of the altitudes from N to AB, BC,CD,DA,
respectively. Prove that é + % = % + é if and only if ABCD has an incircle.

B2. (USA TSTST 2017). Let ABC be a triangle with incenter I. Let D be a point on side BC'
and let wp and we be the incircles of AABD and AACD, respectively. Suppose that wp and we
are tangent to segment BC' at points E and F, respectively. Let P be the intersection of segment
AD with the line joining the centers of wp and we. Let X be the intersection point of lines BI and
CP and let Y be the intersection point of lines C'I and BP. Prove that lines EX and FY meet
on the incircle of AABC.

B3. (USA TST 2010). Let ABC be a triangle. Point M and N lie on sides AC' and BC respectively
such that M N||AB. Points P and @ lie on sides AB and CB respectively such that PQ||AC. The
incircle of triangle CM N touches segment AC' at E. The incircle of triangle BP(Q touches segment
AB at F. Line EN and AB meet at R, and lines F'QQ and AC meet at S. Given that AE = AF,
prove that the incenter of triangle AEF lies on the incircle of triangle ARS.

B4. (ARMO 2016). In triangle ABC, AB < AC and w is the incircle. The A-excircle is tangent
to BC at A’. Point X lies on AA’ such that segment A’X doesn’t intersect with w. The tangents
from X to w intersect with BC at Y, Z. Prove that the sum XY + X Z not depends to point X.
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B5. (ISL 2006). A point D is chosen on the side AC of a triangle ABC with ZC' < ZA < 90° in
such a way that BD = BA. The incircle of ABC' is tangent to AB and AC at points K and L,
respectively. Let J be the incenter of triangle BC'D. Prove that the line KL intersects the line
segment AJ at its midpoint.

B6. (ISL 2017). A convex quadrilateral ABCD has an inscribed circle with center I. Let I,, Iy, I,
and I; be the incenters of the triangles DAB, ABC, BCD and C DA, respectively. Suppose that
the common external tangents of the circles Al I; and Cll; meet at X, and the common external
tangents of the circles Bl,I. and DI,I. meet at Y. Prove that ZX1Y = 90°.

C Problems

C1. (ISL 2007). Point P lies on side AB of a convex quadrilateral ABCD. Let w be the incircle
of triangle C'PD, and let I be its incenter. Suppose that w is tangent to the incircles of triangles
APD and BPC at points K and L, respectively. Let lines AC' and BD meet at F, and let lines
AK and BL meet at F. Prove that points F, I, and F' are collinear.

C2. (ISL 2015). Let ABCD be a convex quadrilateral, and let P, ), R, and S be points on the
sides AB, BC, CD, and DA, respectively. Let the line segment PR and Q.S meet at O. Suppose
that each of the quadrilaterals APOS, BQOP, CROQ, and DSOR has an incircle. Prove that the
lines AC, PQ, and RS are either concurrent or parallel to each other.

C3. (China TST 2016). In cyclic quadrilateral ABCD, AB > BC, AD > DC, I,J are the
incenters of AABC,AADC respectively. The circle with diameter AC' meets segment I B at X,
and the extension of JD at Y. Prove that if the four points B, I, J, D are concyclic, then X, Y are
the reflections of each other across AC.

C4. (IMO 2008). Let ABCD be a convex quadrilateral with BA # BC. Denote the incircles of
triangles ABC and ADC by w; and wo respectively. Suppose that there exists a circle w tangent
to ray BA beyond A and to the ray BC beyond C, which is also tangent to the lines AD and CD.
Prove that the common external tangents to w; and ws intersect on w.

C5. (Poland MO 2016). Let I be an incenter of AABC. Denote D, S # A intersections of Al
with BC, O(ABC) respectively. Let K, L be incenters of ADSB, ADCS. Let P be a reflection
of I with the respect to K L. Prove that BP L CP.

C6. (ISL 2009). Let ABCD be a circumscribed quadrilateral. Let g be a line through A which
meets the segment BC' in M and the line CD in N. Denote by I, Io and I3 the incenters of
ANABM, AMNC and ANDA, respectively. Prove that the orthocenter of AIiI513 lies on g.

C7. (ISL 2012). Let ABCD be a convex quadrilateral with non-parallel sides BC' and AD. Assume
that there is a point F on the side BC such that the quadrilaterals ABED and AECD are
circumscribed. Prove that there is a point F' on the side AD such that the quadrilaterals ABCF
and BCDF are circumscribed if and only if AB is parallel to CD.

C8. (ISL 2010). Three circular arcs 1,72, and 73 connect the points A and C. These arcs lie
in the same half-plane defined by line AC in such a way that arc 9 lies between the arcs v;
and 73. Point B lies on the segment AC. Let hi, ho, and hs be three rays starting at B, lying
in the same half-plane, ho being between h; and h3. For 4,j = 1,2, 3, denote by V;; the point of
intersection of h; and ~; (see the Figure below). Denote by mm the curved quadrilateral,
whose sides are the segments V;; Vi, Vi; Vi and arcs V;Vy; and V;; V. We say that this quadrilateral
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is circumscribed if thege\xiswircmmﬂr&thw%nems and two arcs. Prove that if the
curved quadrih/ter\als/vi Vo1 Voo Via, ViaVas Vo Vis, Vo1 V31 Vs Vos are circumscribed, then the curved
quadrilateral VooV30V33V53 is circumscribed, too.
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